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We establish in this paper a result that gives the number of intermediary rings between
R and S where (R, S) is a normal pair of rings. This result answers in particular a question
which was left open in [A. Jaballah, Finiteness of the set of intermediary rings in a normal
pair, Saintama Math. J. 17 (1999) 59–61]. Further applications are also given.
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0. Introduction
All rings considered in this paper are supposed to be integral domains. The quotient field of a ring R is denoted by qf(R),
its Krull dimension by dim(R), and the integral closure by R′. For a ring extension R ⊂ S, we denote by [R, S] the set of all
rings T such that R ⊆ T ⊆ S (in particular, any ring in [R, qf (R)] is called an overring of R), by tr.deg[S : R] the transcendence
degree of qf (S) over qf(R), and by R∗ the integral closure of R in S. We frequently use Spec(R) (resp., Max(R)) to denote the
set of all prime (resp., maximal) ideals of R. If P and Q are two prime ideals of R such that P ⊆ Q , then [P,Q] denotes the set of
all primes Q ′ of R such that P ⊆ Q ′ ⊆ Q . For any set X, we denote by |X| its cardinality. For a nonzero ideal I of R, we consider
ΩR(I) = {x ∈ qf(R) | ∀y ∈ I, xyn ∈ R for some integer n ≥ 1}. ΩR(I) is an overring of R called the Kaplansky transform of Rwith
respect to I, and can be expressed as ΩR(I) = ⋂{RP | P ∈ Spec(R), I 6⊆ P}. Further properties of such transforms can be found
in [8,13].
A pair of rings (R, S) is said to be a normal pair provided that R ⊆ S and each ring T in between R and S is integrally closed
in S. These pairs were first defined and studied by E. D. Davis [6]. He proved that if R is a local ring, then (R, S) is a normal pair
if and only if there exists a divided prime ideal P of R (i.e., PRP = P) such that S = RP and R/P is a valuation domain [6, Theorem
1]. The first author and A. Jaballah have continued the study of normal pairs in the non-local case (cf. [3]) and have obtained
elegant characterizations of such pairs (see [3, Theorem 2.10]). For instance, (R, S) is a normal pair if and only if R is integrally
closed in S and each T ∈ [R, S] is R-flat, or equivalently, for each ring T ∈ [R, S], Spec(T) = {PT | PT 6= T, P ∈ Spec(R)}. In
particular if S = qf (R), then (R, qf (R)) is a normal pair if and only if R is a Prüfer domain (cf. [6]).
Considerable attention has been paid over the last few years to ring extensions with only finitely many intermediate
rings, and in integral domains that have only finitely many overrings. Some satisfactory results concerning the finiteness of
the number of intermediate rings in such ring extensions have been obtained in [1,10,12]. Several approximations for the
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number of intermediate rings in these ring extensions are given in [3–5,11]; however, the exact value of this number has
not been yet computed.
In this paper we pause to answer a question which was left open in [12]: If R is a Prüfer domain with finite spectrum,
what is the exact number of overrings of R? As (R, qf(R)) is a normal pair when R is Prüfer, then wewill treat this question in
the general context, where (R, S) is supposed to be a normal pair. So, throughout this paper, (R, S) is supposed to be a normal
pair and R is not a field. Our concern here is primarily with the ordered set Supp(S/R) = {P ∈ Spec(R) | PS = S}which plays
an important role in our study. In Section 1 we present the essential properties of this set. In Section 2, we find under some
good finiteness conditions that there is a strong connection between |[R, S]| and the aspect of Supp(S/R). In fact, we show in
Theorem 2.4 that if Supp(S/R) is finite, then
|[R, S]| = 1+ |Supp(S/R)| +
n∑
k=2
|Γk|,
where n is the number ofmaximal elements of Supp(S/R), andΓk (k ≥ 2) is the set of all subsets {Q1,Q2, . . . ,Qk} of Supp(S/R)
constituted of k pairwise incomparable elements. Moreover, every T ∈ [R, S] \ {R} can be represented as the Kaplansky ideal
transform of a finite product of elements of Supp(S/R). Section 3 is devoted to giving explicit formulae for |[R, S]| in some
interesting cases (cf. Theorem 3.1, Corollaries 3.2 and 3.4). Any unexplained terminology is standard as in [9]. Relevant
terminology and results will be recalled as needed through the paper.
1. Basic results concerning Supp(S/R)
In this section we establish some basic properties of normal pairs. Let (R, S) be a normal pair, define Supp(S/R) to be the
ordered set {P ∈ Spec(R) | PS = S} and denote by Max(R) = {Mi | i ∈ I} the set of maximal ideals of R. For every maximal
ideal Mi of R, the pair (RMi , SMi) is normal [6, Introduction]. Therefore, there is a prime ideal Qi of R such that SMi = RQi and
QiRMi is a divided prime ideal of RMi . In these conditions, (R/Qi)Mi/Qi is a valuation ring and the set [Qi,Mi] is totally ordered.
We begin by stating a straightforward, but useful result.
Proposition 1.1. (i) Supp(S/R) = {P ∈ Spec(R) \ {0} | ∀i ∈ I, P 6⊆ Qi}.
(ii) Supp(S/R) = ∅ if and only if R = S.
(iii) Supp(S/R) = Spec(R) \ {0} if and only if S = qf(R).
Proof. (i) If P is a prime ideal of R such that PS = S, then it is clear that P is a nonzero ideal and P is not contained in any Qi.
Conversely let P ∈ Supp(S/R) and assume that PS ⊂ S. Since Max(S) ⊆ {QiS | i ∈ I} [3, Lemma 3.1], then PS is contained in a
maximal ideal QjS of S. Thus P = PS ∩ R ⊆ QjS ∩ R = Qj [6, Proposition 4], the desired contradiction.
(ii) Notice that QiS ⊂ S for each i ∈ I. If Supp(S/R) = ∅, then every prime ideal P of R is contained in a prime ideal Qi, and
hence satisfies PS ⊆ QiS ⊂ S. Therefore, every prime ideal of R can be lifted to a prime ideal in S. But, in view of [3, Theorem
2.12], this happens only when R = S.
Assertion (iii) is obvious, since S = ⋂i∈I SMi = ⋂i∈I RQi , and Qi = (0) for all i ∈ I if and only if S is the quotient field
of R. 
In view of the previous proposition, we next investigate the case where R 6= S.
First, we introduce the following definition: a partially ordered set (T ,≤)with a unique minimal element is called a tree
if no maximal element of T contains two incomparable elements.
We next collect a variety of useful facts about Supp(S/R).
Proposition 1.2. Suppose that Supp(S/R) has minimal elements {ρj, j ∈ J}. Then
(i) Tj = {Q ∈ Supp(S/R) | ρj ⊆ Q} is a tree.
(ii) {Tj | j ∈ J} forms a partition of Supp(S/R).
Proof. (i) Let P1 and P2 be two elements of Tj. If P1 + P2 6= R, then there is a maximal ideal Mi ∈ Tj such that P1 + P2 ⊆ Mi.
Therefore P1 and P2 are comparable to Qi. As P1S = S and P2S = S, then we necessarily have P1, P2 ∈ [Qi,Mi]. On the other
hand, the set [Qi,Mi] is totally ordered. Thus it follows that P1 and P2 are comparable.
(ii) It is clear that Supp(S/R) = ⋃j∈J Tj. Furthermore, if Q ∈ Th ∩ Tk with h 6= k, then Q contains both ρh and ρk. Now, if Mi
is a maximal ideal of R containing Q , then ρh,ρk ∈ [Qi,Mi], so ρh and ρk are comparable, a contradiction. 
As a consequence, we have
Proposition 1.3. If Q is an element of Supp(S/R), then the following statements are equivalent:
(i) Q = √A, where A is a finitely generated ideal of R.
(ii) QΩR(Q) = ΩR(Q).
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Proof. According to [7, Corollary 4.5], it suffices to show (i) ⇒ (ii). Let Mj be a maximal ideal of R containing Q . If Qj is the
prime ideal of R such that SMj = RQj , then Qj is comparable to Q , since QjRMj is a divided prime ideal of RMj . But as QjS ⊂ S and
QS = S, then Qj ⊂ Q ⊆ Mj. Consider
Q ′ =⋃{P ∈ Spec(R) | Qj ⊆ P ⊆ Q},
then Q ′ is a prime ideal of R since [Qj,Q] is totally ordered. We assert that Q ′ and Q are different. Indeed, we have Q =
√
A
for a finitely generated ideal A = (a1, a2, . . . , an) of R. If Q ′ = Q , then there are P1, P2, . . . , Pt ∈ [Qj,Q] \ {Q} such that ai ∈ Pi
for every i ∈ {1, 2, . . . , t}. Therefore the largest one Ph contains A, so Q =
√
A ⊆ Ph, a contradiction. Now, let x ∈ Q \ Q ′. For
each prime ideal H of R such that H ⊂ Q , we have either H ⊆ Qj ⊂ Q or Qj ⊆ H ⊂ Q . In both cases, we find that H ⊆ Q ′.
Hence
√
xRQ = QRQ . It follows that there exists a positive integer k such that AkRQ ⊆ xRQ . Since Ak is also finitely generated by
some elements b1, b2, . . . , bm of R, then for each σ ∈ {1, 2, . . . ,m}, there exist yσ ∈ R \ Q and rσ ∈ R such that bσyσ = xrσ . Set
y = y1y2...ym; we have bσy = (y1y2...yσ−1rσyσ+1...ym)x and (y/x)bσ ∈ R. Since this is true for each σ, then (y/x)Ak ⊆ R. But, by
definition of x and y, it is clear that y/x 6∈ RQ . Furthermore, for every prime ideal H of R such that Q 6⊂ H, we have Ak 6⊂ H. So,
for each element z ∈ Ak \ H, we have (y/x)z ∈ R. Therefore y/x ∈ RH , and we can conclude that y/x ∈ T = ⋂Q 6⊂H RH = ΩR(Q),
whence y = x(y/x) ∈ QΩR(Q) ∩ R. But, since y 6∈ Q , then Q ⊂ QΩR(Q) ∩ R. Hence, we necessarily have QΩR(Q) = ΩR(Q) [6,
Proposition 4], as desired. 
2. The cardinality of [R, S]
In this section, the ordered set Supp(S/R) is assumed to be finite with minimal elements ρ1, ρ2, . . . ,ρs and maximal
elements M1, M2, . . . ,Mn (n ≥ s). In this case, Supp(S/R) consists of s trees T1, T2, . . . , Ts.
We begin by stating the following useful lemma.
Lemma 2.1. If Q ∈ Supp(S/R), then QΩR(Q) = ΩR(Q).
Proof. According to Proposition 1.3, it is enough to find a finitely generated ideal A of R such that Q = √A. As QS = S, then
1 = ∑rk=1 qksk, for some elements qk ∈ Q and sk ∈ S. Let Ti be the unique tree containing Q and let Mi be a maximal ideal of
Ti such that Q ⊆ Mi. Since Ti is finite, we can pick an element q ∈ Q \ (⋃j6=i ρj) ∪ {P ∈ Ti | P ⊂ Q}. Consider now the ideal
A = (q, q1, . . . , qr). We have AS = S since 1 ∈ AS. Furthermore, any prime ideal P of R containing A belongs necessarily to
Supp(S/R). Hence
√
A = ⋂
A⊆P
P =⋂{P | P ∈ Supp(S/R),Q ⊆ P} = ⋂
P∈[Q,Mi]
P = Q. 
Lemma 2.2. Let T ∈ [R, S] \ {R}. If P1, P2, . . . , Pt are the minimal elements of Supp(T/R), then T = ΩR(P1P2...Pt).
Proof. It is known that T = ⋂QT⊂T RQ [3, Lemma 2.9]. But, for each prime ideal Q of R, we have QT ⊂ T if and only if
Q 6∈ Supp(T/R), or also if and only if P1P2...Pt 6⊂ Q . Thus T = ⋂{RQ | Q 6∈ Supp(T/R)} = ⋂{RQ | P1P2...Pt 6⊂ Q} = ΩR(P1P2....Pt).

Lemma 2.3. If T = ΩR(H1H2...Hr)whereH1,H2, . . .,Hr are pairwise incomparable prime ideals of Supp(S/R), then T ∈ [R, S]\{R}
and H1, H2, . . . ,Hr are the minimal elements of Supp(T/R).
Proof. Since every prime ideal Hi contains
∏s
i=1 ρi, then
∏s
i=1(ρi)r ⊆
∏r
i=1 Hi. By using [7, Lemme 3.1], we obtain T =
ΩR(
∏r
i=1 Hi) ⊆ ΩR(
∏s
i=1(ρi)r) = ΩR(
∏s
i=1 ρi) = S. By Lemma 2.2, T can be written as T = ΩR(P1P2...Pt)where P1, P2, . . . , Pt are
the minimal elements of Supp(T/R). For each Pj, we have T 6⊂ RPj since PjT = T. It follows that
∏r
i=1 Hi ⊆ Pj. Hence, Hk ⊆ Pj
for some k. But as HkΩR(Hk) = ΩR(Hk) (Lemma 2.1), then HkT = T, so Hk = Pj since Pj is a minimal element of Supp(T/R).
Therefore {P1, P2, . . . , Pt} ⊆ {H1,H2, . . . ,Hr}. Now if this inclusion is proper, we can find Hh 6∈ {P1, P2, . . . , Pt}. As HhT = T,
then Hh contains a minimal element Pl. But this is false since Pl ∈ {H1,H2, . . . ,Hr} and the elements of {H1,H2, . . . ,Hr} are
pairwise incomparable. 
Before settling the main result of this section, some terminology and notation are needed. We set Γ1 = {{Q} | Q ∈
Supp(S/R)}, and for each k ∈ {2, . . . , n}, Γk the set of all subsets {Q1,Q2, . . . ,Qk} of Supp(S/R) constituted of k pairwise
incomparable elements.
Theorem 2.4. Every T ∈ [R, S] \ {R} is represented uniquely as T = ΩR(Q1Q2...Qk), where {Q1,Q2, . . . ,Qk} ∈ ⋃ni=1 Γi. Thus, we
have
|[R, S]| = 1+ |Supp(S/R)| +
n∑
i=2
|Γi|.
Proof. Consider the mapping Ψ : ⋃ni=1 Γi → [R, S] \ {R} which maps each element {Q1,Q2, . . . ,Qk} of Γk (k ≥ 1) to the
Kaplansky ideal transform ΩR(Q1Q2...Qk). From Lemmas 2.2 and 2.3, we deduce that Ψ is bijective. 
A. Ayache, N. Jarboui / Journal of Pure and Applied Algebra 212 (2008) 2176–2181 2179
It appears that the number of intermediary rings depends principally on the form of the ordered set Supp(S/R). In
particular if R is a Prüfer domain, then |[R, qf (R)]| = |Spec(R)| +∑ni=2 |Γi|.
Among the several interesting consequences of Theorem 2.4 we limit ourselves to pointing out the following three
corollaries.
Corollary 2.5. |Supp(S/R)| + 2n − n ≤ |[R, S]| ≤ 2|Supp(S/R)|.
Proof. From the inclusion
⋃n
i=1 Γi ⊆ P (Supp(S/R)) \ {∅}, we obtain
|[R, S]| ≤ 2|Supp(S/R)|.
For the reverse inequality, note that for n = 1, we have
|[R, S]| = 1+ |Supp(S/R)|.
Suppose then that n ≥ 2. For each 2 ≤ i ≤ n, we have Cin ≤ |Γi|, since Γi contains all subsets {Mα1 ,Mα2 , . . . ,Mαk }, where
Mαi ∈ Max(R) ∩ Supp(S/R). Hence,
|[R, S]| = 1+
n∑
i=1
|Γi| ≥ 1+ |Supp(S/R)| +
n∑
i=2
Cin = |Supp(S/R)| + 2n − n. 
Before the statement of the next results, it is convenient to recall that, if the extension R ⊂ S has no proper intermediary
rings, then S is said to be aminimal overring of R (cf. [2,9,12]). In this case, the pair (R, S) is necessarily normal, |Supp(S/R)| = 1
and |[R, S]| = 2.
Corollary 2.6. ΩR(M1),ΩR(M2), . . . ,ΩR(Mn) are the minimal overrings of R in [R, S].
The following result presents necessary and sufficient conditions for a given normal pair (R, S) to be totally ordered,
namely for R to have a unique minimal overring in [R, S].
Corollary 2.7. The following statements are equivalent:
(i) [R, S] is totally ordered.
(ii) Supp(S/R) is totally ordered.
(iii) |[R, S]| = 1+ |Supp(S/R)|.
(iv) R has a unique minimal overring in [R, S].
Proof. (i) ⇒ (ii) Suppose that H1 and H2 are two incomparable elements of Supp(S/R). By the first assertion, T = ΩR(H1)
and T ′ = ΩR(H2) are comparable rings in [R, S]. If we have, for example, T ⊆ T ′, then H1T = T by Lemma 2.1. It follows that
H1T ′ = T ′. Hence, H1 ∈ Supp(T ′/R). As by Lemma 2.3, H2 is theminimal element of Supp(T ′/R), then H2 ⊆ H1, a contradiction.
(ii) ⇒ (iii) By Theorem 2.4, we have |[R, S]| = 1+ |Supp(S/R)| since Γk = ∅ for every k ≥ 2.
(iii) ⇒ (iv) By Corollary 2.6, it suffices to prove that Supp(S/R) has a unique maximal element. From Corollary 2.5, we
have the inequality
|Supp(S/R)| + 2n − n ≤ 1+ |Supp(S/R)|.
Hence, 2n ≤ 1+ n. But this last inequality holds when n = 1.
(iv) ⇒ (i) If T = ΩR(M1) is the unique minimal overring of R in [R, S], then Corollary 2.6 implies that M1 is the unique
maximal element of Supp(S/R). In this case, Supp(S/R) is a totally ordered set, and [R, S] = {R} ∪ {ΩR(H) | H ∈ Supp(S/R)} by
Theorem 2.4. Therefore, any two rings of [R, S] are comparable. 
We close this section with the following example of application.
Example 2.8. Let R be a Prüfer ring with the given spectrum:
• (0)
•







•P2•P1
• M1 • M2











A
A
A
A
A
A
A
A
A
A
AA
• P3
•
M3
As |Γ1| = |Spec(R) \ {0}| = 7, |Γ2| = 14 and |Γ3| = 8, then |[R, qf(R)]| = 30.
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3. Some interesting cases
We continue to suppose that Supp(S/R) is finite with minimal elements ρ1, ρ2, . . . ,ρs and maximal elements M1,
M2, . . . ,Mn (s ≤ n). In the following case, where each prime ideal of Supp(S/R) is supposed to be maximal, we can give
the exact value of |[R, S]|.
Theorem 3.1. |[R, S]| = 2|Supp(S/R)| if and only if Supp(S/R) ⊆ Max(R).
Proof. It is clear from Corollary 2.5 that |[R, S]| = 2|Supp(S/R)| whenever Supp(S/R) is contained in Max(R). Conversely,
suppose that |[R, S]| = 2|Supp(S/R)| and consider the mapping Ψ : P (Supp(S/R)) → [R, S] which maps ∅ to R and each
subset {Q1,Q2, . . . ,Qk} of Supp(S/R) to the Kaplansky ideal transform ΩR(Q1Q2...Qk). By Lemma 2.2, Ψ is onto. To show that
Ψ is in fact bijective, it suffices to remark that |P (Supp(S/R))| = |[R, S]| < ∞. Now, if Supp(S/R) 6⊆ Max(R), then take
P ∈ Supp(S/R) \Max(R); we find that ΩR(PM) = ΩR(P) for a maximal ideal M ∈ Supp(S/R) containing properly P [7, Lemma
3.1]. But this is impossible since Ψ is injective. 
Notice that Theorem 3.1 applies in particular to a one-dimensional domain R.
Corollary 3.2. If R is Noetherian, then |[R, S]| = 2m, where m is the number of maximal ideals M of R such that ht(M) = 1 and
MS = S.
Proof. According to Theorem 3.1, it is sufficient to prove that Supp(S/R) is exactly the set of maximal ideals M of R such
that ht(M) = 1 and MS = S. But this follows easily if we can show that every prime ideal Q of Supp(S/R) is of height 1. Let
Q ∈ Supp(S/R). The pair (RQ , SQ) is normal, so it is a Noetherian pair [3, Proposition 4.7]. If ht(Q) ≥ 2, then RQ = SQ [13,
Theorem 9]. Hence Q = QRQ ∩ R = (QS)SQ ∩ R, a contradiction since by assumption QS = S. 
As Supp(S/R) consists of trees, eachmaximal elementMi in Supp(S/R) contains a uniqueminimal elementρj of Supp(S/R).
Set si = |[ρj,Mi]| = 1 + ht(Mi/ρj) for every i ∈ {1, 2, . . . , n}. We will discuss a second interesting case where |[R, S]| can be
formulated explicitly in terms of si.
Theorem 3.3. We have |[R, S]| ≤ ∏ni=1(1+ si), and the following statements are equivalent:
(i) |[R, S]| = ∏ni=1(1+ si).
(ii) |Supp(S/R)| =∑ni=1 si.
(iii) Each ρi is contained in a unique maximal ideal Mi.
Proof. Set A(k) =∑1≤i1<i2<···<ik≤n si1 si2 ...sik . It is easy to see that for each i ∈ {1, 2, . . . , n}, we have |Γi| ≤ A(i). Thus
|[R, S]| = 1+
n∑
i=1
|Γi| ≤ 1+
n∑
i=1
A(i) =
n∏
i=1
(1+ si).
(i) ⇒ (ii) If |[R, S]| = ∏ni=1(1 + si), then the last inequality gives the equality |Γi| = A(i) for every i ∈ {1, 2, . . . , n}. In
particular, we obtain
|Γ1| = |Supp(S/R)| = A(1) =
n∑
i=1
si.
(ii)⇒ (iii) Suppose that some ρj is contained in two maximal ideals Mk and Ml. Then [ρj,Mk] and [ρj,Ml] have the same
first element. Therefore we have
n∑
i=1
si >
∑
i 6=k,l
si + |[ρj,Mk]| + |[ρj,Ml]| − 1 ≥ |Supp(S/R)|.
(iii) ⇒ (i) As each ρi is contained in a unique maximal ideal Mi, then [ρi,Mi] and [ρj,Mj] are disjoint for i 6= j, and the
ordered set Supp(S/R) can be pictured as follows:
...
...
...
• ρ1 • ρ2 • ρn...
• • •
• M1 • M2 ...
...
• Mn
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It is clear that |Γi| = A(i) for each i and |[R, S]| = 1+∑ni=1 A(i) = ∏ni=1(1+ si). 
In particular, if R is a Prüfer ring with finite spectrum, thenminimal elements of Supp(qf(R)/R) = Spec(R)\ {0} are prime
ideals of height 1, so si = 1 + ht(Mi/ρj) = htMi. The final aim of this section is to state a corollary which may be viewed as
an application of Corollary 2.5 and Theorem 3.3 and improves [9, Corollary 3.6].
Corollary 3.4. If R is a Prüfer ring with m nonzero prime ideals and n maximal ideals, then m − n + 2n ≤ |[R, qf (R)]| ≤∏n
i=1(1+ htMi).
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